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ABSTRACT 

The problem of secondary motion induced by the steady rotation of a 
magnetized sphere in an infinite incompressible viscous conducting fluid is 
considered. It is found that the secondary flow adds nothing to the couple 
required tomaintain the motion and the effect of the magnetic field is to 
damp the secondary velocity field. 

Introduction. The steady rotation of a sphere, magnetized along the axis of 
rotation, in an infinite incompressible viscous conducting fluid was considered 
by the author [1] under the assumption that the fluid moves in concentric circles 
whose centres lie on the axis of rotation. Actually since the centrifugal force is 
greatest in the neighbourhood of the equator of the sphere, the fluid particles will 
recede from the sphere at the equator and approach it again at the poles. Thus 
combined with the motion about the axis of rotation, there will be a circulatory 
motion in planes containing the axis of rotation. This secondary flow for the case 
of an incompressible viscous fluid has been investigated by several authors [2-4]. 
In the present paper the analysis has been extended to the case of a magnetized, 
sphere. 

Basic Equations. With the usual notation the basic equations of magneto- 
hydrodynamics in the non-dimensional form are 

(1 a ,b ,c ,d)  c u r i E = 0 ,  J =  Rmcurl/~, ] = ( E +  17x B), div/3=0, 

(2 a,b) R( IT" xT) /7 = - V P +  ~ 7 2 p + M ( J × B ) ,  div 17=0, 

where R( = (aZf~/v)) is the Reynolds number, R,,( = 4rctra2~21~) is the magnetic 
Reynolds number and M ( =  (a/pv)a2B 2) is the square of Hartmann number. 

From (1) we get 
(3) E = - grad q~ and V 2 q5 = div( 17 x B). 

To solve the problem we make use of the following perturbation expansions 

( ~'= F'o + RPx + MV~ + RM~" 2 + ..., 

(4 a,b,c) i P =  Po + RP1 + MP'I + RMP2 + ... ,  
i 

| 
L qS= e~o+ Rc~l+ .... 
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The magnetic Reynolds number is assumed to be small so that the magnetic 
field, BI = - V(½(z/ra))], of the sphere, remains unaffected by the velocity field. 
Inserting this value of/~ and the expansions of 17 and ~ in (3) we get 

[ ~72~0 = div(Vo x B), 

(5 a,b) i ~ ( k t  div(17, x B). 

Again using the perturbation expansions (4) in (2a) we get the following equation 

f 

(6 a,b,c,d) 

+ (E~ + 17~ x B) x/~. 

0 = - VPo + V2Vo, 

(~o.V) 17o = - vPl + v~17~, 
o= - v v i +  v217; + (•o+ 17o × n) × ~, 

I 
(17o.V)~, +(17i.v)~7~ = -  v p 2 +  v2172+ 

The problem is to be solved subject to the following boundary conditions 
(i) No-slip condition at the surface of the sphere 

(ii) Continuity of normal component of current density vector and continuity 
of tangential component of electric intensity vector at the surface of the sphere. 

(iii) Vanishing of the quantities at infinity. 

Solution. Cylindrical polar coordinates (&,O,z) with velocity components 
(u, v, w) will be used in writing down the soutions. The equation (6a)with Vo = c5 
at r( = x/~--2-~ z 2) = 1 yields 1-5] 

(7) ~o = ( o , ~ ,  o) .  

Again the solution of (6b) can be written down 13] in terms of a stream function 

(8) ~b~= r52z ( r - l )  2 171 = ( 1  ~¢1 I ~ h ~ )  
8 r s ' t5 Oz '0 '  t5 &5 " 

When P1 is inserted in (5b) we get 

~7~ ~bl = 0, 

which together with the boundary condition gives/~ = 0. 
The solution of equation (6c) has been obtained elsewhere I-1] and is 

~7i = (0,,~g,, 0), 
where 

l ( z  2 1 )  3,Z(z 2 l )  ~ (Sz 2 1)  
g l = ~  ~+7-7)- + ig  7~+3--~ + g + v  r7 r5 ' 
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with 
1 ( l + a , )  E -  l + 3 a ,  3 - 2 a ,  

2 =  - ~  3 + 2 a ,  ' 1 4 0 ( 3 + 2 a r ) ' F =  480(3+2a,) '  

a, being the ratio of the conductivities of the sphere and the fluid medium. 
Using the above results, equation (6d) in cylindrical polar-coordinates 

axial symmetry can be written as 
wit 

(9 a,b,c) 

2&gt Op2 u2 th {3z 2 1 ) 
r--Y-- - ~ "~ V 2 U 2  (..~2 i-6 \ r s r 3 

×Lr, g - - +  r4 g 2 r 5 ~ r6 + P- 

+ 2  ~ r s r 3 ] 

2 ,_z2(3 8 5)}] 
x r- 5 . -  r--- X + ~  r- T - r - g - + ~ -  

/)2 0---~ V 2 / ) 2  th 2 

- -  ~-~ dr- V 2 W 2 -~- 1~6 r---- f -  L ~ rS . r-- ~ - i.-- ~ -t- - ~  

I 5) 1(3z2 ,) 3 Z2(~ 2 3 8 + ~- + 

2 r s ~ r 6 2 r s r 3 

{1 2 1_z2(3 8 ')1] 
x r-- ~ - r---g + ~ r---g - r--g + ~- 

= 

The boundary conditions are that, on r = 1, 

tl 2 ~--- 1.7 2 = W 2 ~ O, 

and each of the functions tends to zero as r tends to infinity. The equation for v2 is 
satisfied by taking v z = 0 throughout the fluid. 

To solve the equations for u 2 and w2, let 

1 c~2 1 ~¢2 
u2 60 Oz ' w2-- c3 c~  

Substituting these values the equation for ~b2 is obtained from (9 a, c) to be 

(10) A4~,2 = &2[z/l(r  ) + zaf2(r)], 
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where 
0 2 1 0 02 

A 2 ~ 
06~ 2 & O& + Oz 2' 

1 / "  1600 F 6 6 2 -  15 28 7 ) 
A = + ' 

12E 36F 62 + 3 17 9 
f z  = r s rio + 16rt~ 21r12 + 16r~----T, 

and ~2 = (O~b2/Or) = 0, on r = 1 and ¢2 -~ 0 as r ~ oe. 
Writing ~2 = (°2[zFa(r)+z3F2(r)] we get ordinary linear differential 
equations for the functions Fl(r) and F2(r). These are 

1 ( 1 6 0 0 F  6 6 2 - 1 5  28 7 ) 
D ( 0 - 2 ) ( 0 + 7 ) ( 0 + 9 ) F z  = ]-~ 7 + r ~ + ~  + ~  ' 

and 

12E 36F 62 + 3 17 9 
D(D - 2)(D + 3)(D + 5)F 1 - r4 r6 + l l r ~  21r8 + 16r---g 

- (12r4F~ + 96raFt), 

where D = (1/r)(d/dr). 
The equations have been solved to give the functions Fx and F2 which satisfy 

the boundary conditions 

F 1 = F 2 = F] = F~ = 0, on r = 1, 

and tend to zero as r tends to infinity. The functions F 1 and Fz for tr, = 1 are given 
below 

Fx(r ) = [ 976 2857 7435 243 3778 In 
r3 r ~  + r5 r6 r7 r 

(11) 1378 2133 152] 
r 7 r ~ -  + r 9 J × 10 -6, 

and 

(12) 
6062 521 298 8900, 4861 382 ] 

F2 ( r )=  - r - - - ~ - + - ~ + - ~ - + - - ~ - m r + - ~ - + - ~  ×10  -6 

The stream function for the secondary flow is given by 

8 r - - g ~  + M zFl(r) + z3F2(r)} 

It is easy to see that the secondary velocity field, as obtained above, contributes 
nothing to the couple required to maintain the motion. 
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Fig. Stream line pattern for the secondary flow. -- M = 0, - - -  M ---- 1 

Stream line pattern for the secondary flow, in the plane containing the axis, 

is given in the figure for  M = 0 and M = 1. The graph suggests that  the secondary 

velocity field decreases on account  o f  the magnetic field. 
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